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1. INTRODUCTION 
In this paper we study the topology of a nonsingular algebraic hypersurface X 
in complex projective space. Our principal results are a decomposition of X 
as a connected sum of a differentiable manifold M with k copies of the product 
Sn x S* and a simple description of the homotopy type of the complement 
of X. Also, using this description, we give an elementary exposition of some 
standard facts about the topology of X. 
THEOREM 1.1. For n # 2, there is a da&rentiable connected sum decom- 
position 
where 
X = M#k(P x S”), 
and 
rank H,M = 0 or 2 for n odd 
rank H,M - 1 Sign H,M 1 = 0 or 2 for n even. 
More detailed statements are given in Section 11 and the maximal value of k 
is determined in each case. The case n odd, which depends on the computation 
of the Kervaire invariant of X, is due independently to Browder [3], Morita 
[17], and Wood [26]. The case n even, which depends on a study of the bilinear 
form defined by intersection pairing on image (QT,X ---f H,X}, is given here. 
The complement of X in projective space is described by the following 
result. 
THEOREM 1.2. There is a Cl-function 
f : cp,,, - LO, 11 
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whose only critical values are 0 and I such that 
f-‘(O) = x and f-‘(l) = Z(d). 
Here d is the degree of the hypersuyface X, Z(1) is a point, and Z:(d) is a certain 
finite cell complex of dimension n. + 1. In fact, for d > 1, Z(d) is the base space 
of the (n + I)-universal principal Z/d-bundle constructed by Milnor [12] from the 
joint of n + 2 copies of Z/d. For example Z(2) = RPn+l. 
Theorem 1.2 is proved first for a particular choice of X in Section I by a 
simple, explicit construction. The general case follows since if X and Y are two 
nonsingular hypersurfaces of the same degree there is a diffeomorphism of 
CP,,l restricting to a diffeomorphism of X onto Y, cf. Section 4. 
Since f is nonsingular on f -l(O, I), each of X and Z is a deformation retract 
of the complement of the other. A number of known, basic facts about the 
topology of X can be given elementary proofs from this approach. This is done 
in Sections 5-7. That L’ is a deformation retract of the complement of X also 
follows from closely related work of F. Pham as we explain at the end of Section 3. 
The homology of a connected sum M # N splits as a direct sum H,,M @ H,N 
which is orthogonal with respect to the intersection pairing. Conversely our 
geometric splitting theorem I .I is a consequence of an orthogonal direct sum 
decomposition H,X = A @ B, where the intersection matrix for B has the form 
and where B is in the image of the Hurewicz homomorphism. In Sections S-10 
invariants of the form on H,X are determined and the orthogonal decomposition 
is proved. The geometric procedure for splitting off corresponding summands 
from X is described in Section 12. 
Finally in Section 13 we give some splittings up to oriented homotopy equiv- 
alence for complex surfaces in CP, . 
2. THE FUNCTION f: CP,,, -+ [0, l] 
We first prove Theorem I .2 for a particular hypersurface. If  we write a point 
in Cn+z as z = (z, ,..., x,+~ ) and the complex line through z # 0 as [z] E CP,,, , 
then the Fermat hypersurface of degree d is given by the polynomial p(z) = 
qld + ... + x:+1, 
X(d) = {[z]:p(z) = 0). 
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This surface is nonsingular since the partial derivatives +/azj do not vanish 
simultaneously on CD+2 - {O}. 
Assumefirstthatd>1andletg(z)=Iz,Id+...+Iz,+,jd.ForxECn+2- 
{0} define F(s) = p(z) p(z)(g(z))-2. Then F induces a well-defined function f 
on CP,+, , f([z]) = F(s). F takes only real values 20 and, by the triangle 
inequality, g(z) > 1 p(z)1 = 1 p(%)l, so F(z) < 1. Thus we have 
f: cpn,, + [O, 11. 
Further, f ([z]) = 0 if and only if p(z) = 0 so f  -l(O) = X(d). Also f  ([z]) = 1 
if and only if 1 p(z)] = g(z) which happens exactly when zjd = h 1 ~$1 for all 
j and for some h E C, independent of j, with ] X 1 = 1. If w is a dth root of X-r, 
then [z] = [wzO ,..., wz,+J, where (wzj)” > 0. Thus f  -l(l) is the set 
Z(d) = {[z] E CP,,,: Zjd is real and > 0 for allj}. 
Note in particular that Z(2) is RPn+l embedded in CP,,, in the standard way. 
We will return to the description of Z(d) in Section 3. 
To check that there are no critical values off on (0, 1) it suffices to compute 
the partial derivatives 
These vanish if and only if p(Z) = 0, so [z] E X(d), or zjd = I z, Id $(x)/g(z), so 
bl E W). 
Because d 3 2, these derivatives are continuous. In fact for d even F is 
analytic. Since F(T) = F(z), aF/LGj = aFli3zj , so f :  CP,,, -+ R is continuously 
differentiable. 
For d T 1, X(1) = CP, is a hyperplane and the complement is a ball. The 
function used above however is not differentiable. Instead define 
I Pea” 
F(*) = I P(~>l” + I Zl I2 + -.. + I %fl I2 * 
Then F induces a well-defined function f  on CP,,,, taking real values in the 
interval [0, 11. Again f-l(O) = X(1); f ([z]) = 1 only for z = [(l, O,..., 0)] so 
we take Z(l) to be a point. F is continuously differentiable and 0 and 1 are the 
only critical values. This completes the construction off for the Fermat hyper- 
surface. 
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3. THE CRITICAL SET Z(d) 
The study of a hypersurface XC CP,,,, is of course a special case of the 
Lefschetz theorem on hyperplane sections. In the approach to this theorem 
via Morse theory a function is constructed with only nondegenerate critical 
points on the complement of X. The complex structure is then used to show 
that these critical points have index >n + 1 and hence that CP,+l can be ob- 
tained by attaching cells of dimension 3 n + 1 to a tubular neighborhood of X, 
see [15]. 
In our approach this information is concentrated in the degenerate critical 
set Z(d). In fact CP,,, - Z(d) is just a large, open tubular neighborhood of X. 
The result is not too surprising since the homology of the spaces involved is 
known from the Lefschetz theorem. What is nice is that f can be described 
easily andf-l(l) recognized explicitly as the space Z(d), itself easy to describe. 
PROPOSITION 3.1. Z(d) is the base space of the n + 1 universal principal 
Z/d-bundle constructed by Milnor from the join of n + 2 copies of Z/d. 
Proof. Let A”+1 = (x E Rn+2: xj>OforO<j<n++andZ~~~~jd=l). 
Clearly dn+l is homeomorphic to the standard (n + 1)-simplex. The join of 
n + 2 copies of h/d can be defined as a subset of Cn+2 to be 
J = {(~$a ,..., w,+i~,+~) EZ Cnt2: qd = 1 and x = (x0 ,..., x,+t) E A”+‘}. 
(Note the induced topology of J agrees with the strong topology of [12] since 
Z/d is a finite complex.) The projection of CnL2 - (0) to CP,,, caries J onto 
Z(d) = ([z] E CP,,,: Zjd is real and 30 for ail jl. 
Regarding Z/d as the subgroup of C’ consisting of dth roots of 1, the diagonal 
action of E/d on J is given by 
~(%ql,~~~, %z+1%+1) = (ww&) Y..., ~%+1%+1 ). 
Points of J have the same image in CP,,, exactly if they lie in the same orbit 
of the diagonal action. Thus Z(d) = J/@/d) which is the n + 1 universal 
classifying space of Z/d. 
COROLLARY 3.2. (i) r&d) = Z/d, 
(ii) viz(d) = 0, 2 < i < n, 
(iii) rr,+&d) = ZN, where N = (d - l)n+2, 
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(iv) the Euler characteristic 
x(X(d)) = ix(J) = $1 + (-l)“+‘(d - 1)n+a>. 
Proof. Since J is n-connected [12, Lemma 2.31 and a regular covering space 
of Z(d) with covering group Z/d, (i) and (ii) follow. The formula for the reduced 
homology of a join [12, Lemma 2.11 shows that H,+$Y(d) is free of rank N = 
(d - l)n+l so (iii) follows from the Hurewicz theorem. Z(d) is a cell complex 
of dimension tt + 1 so (iv) follows from (i)-(iii). 
We further remark that Z(d) can be regarded as the union of dn+l (n + l)- 
cells in CP,,, with certain identification of their boundaries. Each cell is of the 
form 
for fixed (We,..., w,+i) with ajd = 1. 0 n a particular q-dimensional face of 
An+l there are dQ distinct embeddings in Z(d) corresponding to the choice of 
q + 1 dth roots of 1. Since there are (t$ q-faces of An+l, there are (t$)dQ 
q-cells in Z(d). Thus again x(x(d)) = C:Ti (- l)Q(i$dp = (1 /d){l + (- l)n+l x 
(d - l)n+2}. 
The connection with the work of Pham is the following. Pham considers the 
locus in affine space W(a) = (2 E Cn+l: z:” ,=a z$ = l} and shows that the join 
J = Z/a;i’ .‘. *Z/a, is contained in IV(a) as a retract by a deformation equivarient 
under the action of G = Z/e0 x ... x Z/a,, see [18, p. 3381 or [S, p. 791. 
There is a cyclic covering X,(d) --) CP, ramified over the hyperplane section 
X,-,(d) = X,(d) n,CP, (see Section 7). Taking each a, = d, we may identify 
W(d) = X,(d) - X,-,(d) in Cn+l = CP,,, - Cl’, . 
Then W(d) + CP,, - X,-,(d) is unramified with covering group Z/d acting as 
the diagonal subgroup of G. Hence Z(d) = J/Z/d is a deformation retract of 
the complement of X,(d) in CPw+l . 
4. AMBIENT ISOTOPY OF HYPERSURFACES 
To complete the proof of Theorem 1.2 we need the following fact to com- 
plement the results on a special surface in Section 2: If  X and Y are two non- 
singular hypersurfaces in CP,, of degree d then there is a diffeomorphism of 
CP,,, to itself, isotopic to identity, which restricts to give a diffeomorphism 
of X to Y. To prove this let X resp. Y be defined by the polynomials p(z) 
resp. q(z). Then the polynomial f(t, z) = top(z) + tlq(z) of homogeneous 
bidegree (1, d) defines a hypersurface F in CP, x CP,,, . The set S C CP, x 
607/35/3-4 
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CP,,, of points [t, z] at which F n [t] x CP,,, is singular is a closed algebraic 
set. So the projection r(S) of S into CP, is also a closed algebraic set and since 
evidently r(S) # CP, , r(S) is zero dimensional hence a finite set of points. 
Let Z be a smooth arc in CP, from [I, 0] to [0, I] in the complement of n(S). 
Then n-l(Z) = Z x CP,,, contains the smooth submanifold n/l = n-r(Z) n F of 
real codimension 2 such that n:M -+I is a product bundle: &Z x X-t A!Z. 
Thus M may be regarded as a graph of an isotopy of X in CP,,, . Let a/at be a 
vector field on Z x X tangential to the first factor. Then 4,(a/at) which is 
tangent to M extends to a vector field V on Z x CP,,, . The integral flow of 
this vector field gives the desired ambient isotopy cf. Milnor [14, p. 51. 
Remark. A similar argument establishes a more general result. Let X be a 
nonsingular projective subvariety of CPN . Then there exist nonsingular hyper- 
plane sections of X and any two are ambiently isotopic in X. This is a streng- 
thened form of the so-called Bertini’s theorem in complex algebraic geometry. 
Unfortunately, in the existing literature cf. Hirzebruch [7, p. 1391 or Wallace 
[25, p. 131 the statement of ambient isotopy which is crucial for us is not included. 
5. HOMOLOGICAL CONSEQUENCES 
The complementarity of XL and z(d) in CP,,, can be used to compute the 
homology groups of X. 
PROPOSITION 5.1. (i) The inclusion i: X --f CP,,, is an n-equivalence. 
(ii) HjX = HjX = Z for j even, in, and 0 < j < 2n, 
=Oforj>2norjoddand#n. 
(iii) H,X = H”X is free of rank b where 
b=i{(d-11)“+“-1~+2,neven, 
d 
= f {(d - I )1,+2 + lj - I, 71 odd. 
Proof. (i) We will show YT~(CP,,+, , X) = 0 forj < n. Triangulate CP,+l so 
that X and ,Y are subcomplexes. Then any map (ZY, S+l) -+ (CP,,,, , X) can 
be approximated by a simplicial map and, by general position [19, p. 611, for 
j < n there is an isotopy of CP,,, fixed on X moving the image of Dj off Z: 
Since CP,,, - JY retracts by deformation to X the result follows. 
(ii) The Whitehead theorem and universal coefficients give (ii) for j < n 
and Poincare duality completes the proof. 
(iii) Poincart duality and (ii) also show that H,X is torsion free. To 
compute the rank b note that the Euler characteristic x(CP,+,) = x(X) + x(Z) 
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since CP,,, - XV Z retracts by deformation to the level surface f-l(1/2) 
which is an odd dimensional manifold. Thus the one unknown Betti number 
of X satisfies b = b,(CP,+l) - b,,( CP,,,) + b,+,(CP,+,) - (- 1)” x(Z) into 
which we substitute the computation of x(Z) in Section 3. 
Remark. We can avoid triangulation and general position by first proving (ii) 
using Alexander duality to show Hj(CP,+, , X) = H2,+z-j(CP,+l - X) = 
Hzn+&Z) = 0 for j < a + 1 since I: is a cell complex of dimension n + 1. 
Standard arguments in algebraic topology complete the proof of (ii). The 
Whitehead theorem then implies (i) once X has been shown simply connected 
for n > 1. We give an independent proof of this fact at the end of Section 7. 
Except in the middle dimension, n, the ring structure of H*(X) can be 
derived from (5.1) using PoincarC duality and the notion of degree. Let x be the 
generator of H2(CPn+,) dual to a hyperplane CP, and let OL = i*x E H2(X). 
PROPOSITION 5.2. (i) & generates H”j(X) for 2j -=c n. 
(ii) & is d times a generator of H2j(X) for n < 2j < 2n. 
(iii) X represents d times a generator of H21z(CP,+1), that is: i,[XJ = 
dx n [CP,+J 
We will see, following (9.3) that anI2 is indivisible for n even. 
Here [x] denotes the fundamental orientation cycle. Since i* is an isomorphism 
in dimension <n, the first statement follows from the ring structure of 
H*(CP,+,). Let p: X -+ CP, be a projection from a point 0 r~ CP,+l not lying 
on X or CP, . It is known (cf. Section 7) that p has degree d, that is p,[q = 
d[CP,]. Since CP, is a deformation retract of CP,,, - 0, the inclusion i: 
x - CP,,, is homotopic to the composition X -+ CP, 4 CP,,, . Therefore 
&[x] = dx A [CP,,,] since x is dual to CP, . 
Finally we consider the composition 
H2j(CP,+,) - **A H”i(X) -=% H2(,&X) ---L ff2(4Pn+d. 
The image of XI is i,(i*xj n [xl) = xj n i,[XJ = (xj u dx) n [CP,,,] = 
dx”+l n [CP,,+J which is d times a generator. For n < 2j the last two maps are 
isomorphisms, hence & = i*xj is d times a generator as claimed. 
6. SPHERICAL CLASSES 
We will need to know the image of the Hurewicz homomorphism in the 
middle dimensional homology H,X. 
PROPOSITION 6.1. If n is odd, 0 + Z/d -+ T,,X -+ H,X -+ 0 is exact. If 
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n = 2m > 2, r,,X --f H,X is injective with image E = {u E H,,X: (Y” n u = 0} 
where (Y generates H2X. If  II = 2, rzX w H,X. 
Proof. Since X is simply connected and the pair (CP,,, , X) is n-connected 
we have for n odd the diagram 
fL+,X - Hn,,CP,,, - Hn+,(CP,+, 9 X> - HA’ - 0 
T = t 
~?2+1(CPn+1 Y m - n?J 
Thus v,X + H,X is onto and ker{rnX + H,X) = H,+,CP,+,/im{H,+,X --f 
H,+lCP,+l} = Z/dZ using Proposition 5.2(ii). 
For n = 2m > 2 the diagram is 




~n+l(cpn+l> w =_ r7lx 
Thus v,X + H,X is injective and E = im{r,X --+ H,X} = ker{H,X + 
H,CP,,,). This kernel is called the set of vanishing cycles, cf. Griffiths [5, 
p. 4821; the vanishing cycles here are exactly the spherical cycles. 
Consider the composition: 
HJ i* H&P,,, 2 H&P,,,, & HJ 
If u E H,X then i$(x” n i,u) = anb nzrEHOX.Hencei,u=Oiffamnu=O. 
Finally if n = 2, v,X RZ H2X by the Hurewicz theorem. 
7. BRANCHED COVERS 
We recall another useful description of nonsingular hypersurfaces. In the 
special case of the Fermat surface X,(d) = ([z]: z,,~ + ... + z,“+i = 0}, projection 
from 0 = [ 1, O,..., 0] E CP,,, to CP, = ([z] : z, = 0}, which sends [a] to 
[0, z, ,..., z,+J, defines a map p: XJd) -+ CP, which clearly is a d-fold cyclic 
branched cover whose branch set is the Fermat surface of degree d in CP,, . 
This proves the following. 
PROPOSITION 7.1. Up to diffkomorphism, a degree d nonsingular hypersurface 
X, is a d-fold branched, cyclic cower of CP, branched along a degree d hypersurface 
Y+, in CP, . 
Note that although changing the point 0 or the hyperplane CP, does not 
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affect this result, algebraic projection from a hypersurface other than the Fermat 
surface will have a more complicated branch locus. Generically only two of 
the d sheets are ramified over a point of the branch locus and the cover is not 
regular. 
The proposition can be used to give a simple proof of the following result 
of Lefschetz. 
PROPOSITION 7.2. If n > 2, a hypersurface X C CP,,,, is simply connected. 
Proof. Let A be a closed tubular neighborhood of Y in X and let B be the 
closed complement of A. Then A u B = X and A n B is the total space of an 
B-bundle over Y. Also B is a connected d-fold covering space of CP,,- 
(neighborhood of Y) which, by Corollary (3.2) has fundamental group Z/d. 
Therefore B is simply connected. When 11 = 2, Y is an oriented 2-manifold. 
The homotopy sequence of the S-bundle shows rlA n B -+ z-~Y is onto. 
Hence by the van Kampen theorem rrrX = 0. For n > 2, rlA = 0 by induction 
and rlB = 0, so again rlA u B = 0. 
8. THE INTERSECTION FORM 
In view of Proposition (5.2) the ring structure of H*(X, Z) is determined 
once we know the bilinear form defined by the cup product on the middle 
dimensional cohomology group. Dually we consider the intersection form on 
homology. By PoincarC duality and the universal coefficient theorem there are 
isomorphisms 
H,,X 5 Hom(H,X, Z) w HnX, 
where u E H”X corresponds to the homomorphism taking y to u n y, and to 
the element x = u n [X] in 25,X. The intersection form is defined by x * y = 
v(x) y = u n y = u u w[XJ where e, is dual to y. Because v is an isomorphism, 
intersection is a unimodular form. In the notation of [16], H,X is an inner 
product space. 
When lt is odd the form is skew symmetric (by graded commutativity of the 
cup product). In fact it is symplectic, i.e., x . x = 0 for all x, since H,X is 
torsion free, so there is a symplectic basis [16, p. 71. That is a basis x1 ,..., x, , 
yr ,...,yr for H,,X with xi . yJ = 1 = -y$ . xi and all other pairings are equal 
to 0. (This basis is important for the proof of the connected sum decomposition 
theorem (l.l).) Thus up to the equivalence of bilinear form preserving iso- 
morphism (isometry) the product structure on HnX is determined by the rank. 
Further, since the rest of the cohomology lies in even dimensions, this result 
with (5.2) describes the multiplicative structure of H*(X) completely. 
If n is even the form is symmetric and is determined up to equivalence by 
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its rank, type, and signature according to a result of Milnor [13, Theorem 23 
provided it is indefinite or of rank <8. 
The rank is just the Betti number (5.1) 
b = i{(d - l)n+a - 1) + 2. 
The type is defined to be even if x ’ x is even for all x and odd otherwise. In 
the next section we will prove: 
THEOREM 8.1 .l The intersection form of a degree d hypersurface has ewn type 
if and only ~fd is even and n = 2 mod 4. 
The signature [16, p. 231 is given by the formula of Hirzebruch [7, p. 871: 
Sign X = {tanh dx(x coth x)“+~>[CJ’~+J. 
If  the function in braces is expanded in a power series in x, Sign X is the coeffi- 
cient of xe+l. For computation the following is useful, cf. [7, Section 221: 
These invariants characterize the intersection forms since Milnor’s result 
applies by virtue of the following: 
THEOREM 8.3.l The intersection form on H,Xfor n even is 
(i) of rank 1, and positive definite for d = 1, 
(ii) of rank 2, and positive dejnite for d = 2 and n = 0 mod 4, 
(iii) indejinite otherwise for n > 2. 
For d = 1, X = CP, so (i) is clear. In the next section we describe alge- 
braically a homology basis for X,(2) and check (ii). For d > 3 a natural proof 
would exhibit cycles with positive and with negative self-intersection. If  h E H,X 
is dual to #la, then by Proposition 5.2(ii) h . h = d > 0. In case n = 2 mod 4 
there are cycles represented by algebraic submanifolds with negative self- 
intersection; such a cycle will be exhibited in Section 9. 
In case n = 0 mod 4 there are no algebraic cycles with negative self-inter- 
section. If  we take X to be defined by a polynomial with real coefficients, then 
1 Theorems (8.1) and (8.3) remove a slight error in Griffiths [5, p. 4831 where it is 
asserted that for X(2) the form is always indefinite and of even type. This assertion is 
correct only in the case n = 2 mod 4. The error lies in fact that the cycles exhibited in [5, 
p. 4831 do not form a base of &X(2) when n - 0 mod 4. 
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an orientable component M” of the real form X n RPn+l has negative self-inter- 
section if (-l)“/” x(M) < 0. It is possible to construct such M except perhaps 
whenn=Omod4andd=3or5. 
We have two complete proofs of (iii). One is based on the Riemann, Roth, 
and Hodge index formulas [7, p. 1251. The second is based on (8.2). Both 
involve some tricky calculations. We shall present the latter following 
Proposition (8.4) which we shall need later. 
The general behavior of the signature and rank is indicated by Table I. 
PROPOSITION 8.4. (-1)” Sign X,,(d) > 5 for d 2 3, m 2 1. 
Proof. Let x = i tan x in formula (8.2), then 
‘& (-1)” Sign X,,(d) tan2m x = 1 + tane x $$ . 
The expansions 
tan dx = C,,(d) tan x + C,(d) tana x + -.* -t- C,(d) tan2”% f *-*, 
can be obtained from the addition formula 
tan(x + y) = (tan x + tan y)/( 1 - tan x tan y). 
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For example it is clear that the coefficients C,(d) are all 20. The signature is 
given in terms of the alternating sum 
S,(d) = Cm(d) - G-,(d) + **. It G(d) 
by Sign J&,(d) = (- 1)” S,(d). 
LEMMA 8.5. (i) C,(d) = d, C,(d) = &d(d2 - 1). 
(ii) C,(2) = 2, al2 n. 
(iii) C,(3) = 3”+l - 3+l, n > 1. 
(iv) C,(d) 3 2C,-,(d) for d > 3. 
To prove the proposition, by (i) S,(d) = C,(d) - C,(d) 3 5 for d > 3. It is 
easy to show that if C, , C, ,..., is any sequence with C, > 2C,-, > 0, then 
s, b &a-l 1 where S, = C, - C,+, + ... f C,, . This completes the proof 
of the proposition. 
Pvoof of lemma. (i) is proved by induction on d using the addition formula. 
(ii) and (iii) are proved from the addition formulas for tan 2x and tan 3x. In 
case d = 3, (iv) follows from (iii). In general we need to show that the coefficients 
of powers of tan x in the expansion of (1 - 2 tan%) tan dx are all 20. This is 
proved by induction on d. Consider 
(1 - 2 tan2 x) tan(d + 1)x = (1 - 2 tans x)(tan x + tan dx)/(l - tan x tan dx). 
It suffices to show that coefficients in the expansion of the numerator are all 30. 
After using the inductive assumption only the coefficient of tan3 x is in doubt. 
Using Lemma 8.5(i) this is easily checked to be 20 for d > 3. This completes 
the proof. 
The same technique provides another proof that the intersection form on 
X,,(d) is indefinite for d > 3, m > 1. We want to show SJs) < /3,,(d), where 
the Betti number ,Qzm(d) = (l/d)[(d - l)2m+2 - 1] + 2 > (d - 1)2m+2/d. For 
d = 3 we have S,(3) < 22m+2/3 since S,(3) = 3m+1 - 3” + (-I)” by Lemma 
8.5(iii). In general S,(d) < C,(d) so it suffices to prove the following: 
LEMMA 8.6. (i) C,+,(d) < (d - 1)2 C,(d), 
(ii) C,(d) < (d - 1)4/d for d > 4. 
Proof. (ii) follows from Lemma 8.5(i). For (i) we show the coefficients of 
powers of tan x in the expansion of 
f(d) = [(d- l)2tan2x- l]tandx+dtanx 
are all 30. This is true for d = I. 
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The addition formula and a little manipulation give 
The result follows by induction on d. 
9. INTERSECTIONS OF SPHERICAL CYCLES 
Let E denote the image of the Hurewicz homomorphism, E = im{~~X-+I&X}. 
Then any x E E is represented by a map j: Sn + X, that is x = j*[Sn]. Since X 
is simply connected of real dimension 2t2, by results of Whitney and Haefliger [q, 
for n > 2 we may take j to be an embedding. 
PROPOSITION 9.1. An embedding j: Se + X has stably trivial normal bundle, 
n > 2. 
Proof. We have the bundle equation 
v(j) @ j*v(i) = v(i 011, 
where i: X + CP,,,, . Any 2-plane field over 5’” is trivial for n > 2 so j*r(i) is 
trivial. Since i 0 j is nullhomotopic, Haefliger’s result [a shows a(i 0 j) is trivial. 
But then by definition r(j) is stably trivial. 
Now consider the case when n is even. The following fact was pointed out to 
us by John Morgan. 
PROPOSITION 9.2. The intersection form on E has even type. 
Proof for n > 2. Let x G E be dual to y E HnX and let j: Sn 4 X represent x. 
By a theorem of Thorn [22, p. 3541 the Euler class p(j) = j*r. Hence x . x = 
y n x = j*( j*, n [PI). Now j* is the identity map on H, so x - x = ,& j)[FJ 
which is even if and only if the Stiefel-Whitney class w,v(j) = 0. Since w, is a 
stable class, (9.1) implies the result. 
The characterization of E in Corollary (6.2) can be rephrased in terms of the 
intersection form as 
E=(xEH,X:h.x=O}, 
where h is dual to @i2. The generator x E H2(CP,+,) is dual to the homology 
class represented by a hyperplane. Hence xn/2 is dual to the intersection of n/2 
hyperplanes, for example 
{[z] E CP,,,: z, = 0, 23 = o,..., &z-l = 01. 
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Therefore h is represented by 
A = {[z]: z, = 0, z, = 0 ,..., q-1 = 01 n X,(d), 
where X,(d) is the Fermat hypersurface. (Note in passing that A is 
homologous to 
A’ = {[z]: z2 = 0, zp = O,..., z, = O> n X,(d) 
and therefore h . h is represented by 
A n A’ = {z, , 0 0, z,+J: ,..., Z/ + z;,, = 0} 
= ([I, 0 0, z]: Zd ,..., = -I}, 
the set of d points. The complex structure gives positive orientation to each of 
these points giving another proof that h * h = d.) 
Consider the class y E 2%,X represented by the n/2-dimensional projective 
space 
B = ([z]: z,, + wz, = 0, z2 + wz3 = 0 ,..., z, + WZ,+~ = 0}, 
where (--w)~ = -1. B is contained in X,(d) since the conditions defining B 
imply zj d = (-w)%$+i = -zj”,i for j even. The intersection 
A n B = {[z]: x,, = 0, z, = 0 ,..., z,-~ = 0, z, + WZ,+~ = 01 
= {[O ,..., 0, w, -I]) 
is a single point so h . y = 1. This proves 
PROPOSITION 9.3. The class h is indivisible or equivalently there ts a class y 
with h .y = 1. 
A different proof of (9.3) is given by Griffiths in [5, p. 4811. Equivalently (9.3) 
says that ,*I2 is indivisible; that is it can be included in an integral basis for 
H”(X; Z). Thus Proposition 5.2(i, ii) could be improved to say & is indivisible 
for j < n/2 and is d times a generator for j > n/2, and if /3 is dual toy, then & u ,6 
generates H”+2i(X; Z) for 1 < j < n/2. 
If e, ,..., e, is a basis for E (as a free Z-module), then y, e, ,..., e, is basis for 
H = H,X, since for any x E H, x - (x . h) y E E. The intersection form on H 
has even type if and only if x . x is even for all the elements x of some basis for H. 
Since x . x is even for all x E E, His even if and only if y . y is even. To compute 
y . y consider the embeddings 
B = CP, cl X,(d) CL CP,,, , 
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where II = 2m. We have the bundle equation 
T(CP,) @ u(j) @ j*u(i) = j*i*r(CP,+,) 
from which we compute the Chern class 
cu( j) = (1 + ~)~+r(l + dx)-l, 
where x is the generator of HVP,, . 
As in Proposition (9.2) 
y . y = x4 j)[CP,1 = 4 j)[CP,l 
(9 =(“,‘l)-d(~L:)+dl(~t-~)-+...+(-l)~dm(mO+l) 
(ii) = i{l - d)m+l}, 
(9.4) 
Now when d is odd, (ii) shows y . y is odd, so H has odd type. (We knew this 
since x * x = d is odd in that case.) When d is even and n = 0 mod 4, so m 
is even, (i) shows y . y is odd. If d is even and n E 2 mod 4, then (i) shows y . y 
is even. This completes the proof of (8.1) (except for the case n = 2 for which 
see the remark after (9.6)). 
If d = 2, H has rank 2 by Proposition (5.1) so h, y is a basis for H with 
respect to which the intersection matrix is (t :) for n = 2 mod 4 or (f i) for 
n = 0 mod 4. The second case is positive definite which shows Proposition 
8.3(ii). Incidentally X,(2) is the Grassmann manifold of oriented 2-planes in 
RWl 
Finally note that (9.4) (“) h n s ows y * y < 0 for m odd and d 3 2. Since 
h . h = d > 0, this shows the form is indefinite in case n E 2 mod 4 and 
d 3 2. The form is indefinite generally for d > 3, as we showed in Section 8. 
The homology module H with the intersection form is an inner product space 
[16, p. 11, that is v: H -+ Hom(H, Z) is an isomorphism where cp(e)x = e * x. 
The restriction of the intersection form to E is nondegenerate (i.e., 9) is injective) 
but E is not an inner product space. Instead we have 
PROPOSITION 9.5. Let H be an inner product space and h E H an indivisible 
element with h*h=d. Set E={xEH:x.h=O}. Then O+E+E#-+ 
Z/d+ 0 is exact where ER = Hom(E, Z). 
Proof. For any e E E, e # 0, there is an x E H with e . x # 0. Then x = 
dx - (x . h)h E E and e . z = de * x # 0 so v(e) # 0 and therefore 9, is 
injective. 
Given f E Es, there is a x E H such that f(z) = e * z for all e E E. Define 
#: E# + Z/d by +( f  ) = z . h mod d. For another choice, a, , we have z - z, E 
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El and hence in H @Q we have z - z, = rh for some Y  E Q. Since h is in- 
divisible, Y  E Z, so z . h 2 z, . h mod h . h and therefore # is well defined. 
Let f~ E# be defined by f(e) = e . y, where y E H satisfies y . h = I. Then 
#(f) = 1 so $ is onto. The composition I/ 0 p is easily seen to be zero. If 
~(f)=O,thenf(e)=e.xforsomez~Hwithz~h-Omodd.Sayz.h=ld, 
thenf(e) = e . (z - Zh), w he re x - Zh E E. Hence f E image v. This completes 
the proof of (9.5). 
Remark. The order of the group E#/E is just the absolute value of the 
determinant of the intersection matrix for some basis for E. It is computed in 
[5, p. 4821. 
The type of H, (S.l), can also be computed using the Wu class of X, cf. [13, 
p. 1251. Let p: H( ; Z) ---f H( ; Z/2) denote reduction mod 2. Then for 
II E Hn(X; Z), p(u u U) = Sp”(pu), so the intersection form is even if and only 
if 5’9” is the zero homomorphism. The Wu class V = 1 + v1 + ... + v, , 
vj E Hj(X; Z/2), is characterized by (Squ, [Xl) = (u u V, [Xl) for all u in 
H*(X; h/2). For u E Hn(X; Z/2) this gives Sq*u n [x] = (u u v,) n [XJ. 
Thus the form is even exactly when ZI, = 0. 
The total Stiefel-Whitney class is related to the Wu class by the WU formula 
W = SqV, cf. [22, p. 3501. On the other hand W can be computed from the 
bundle equation TX @ v(i) = i*&P,+, . Thus if x is the generator of H2(CP,+,; 
h) dual to the hyperplane and OL = i*x, then the Chern class of X is given by 
c(X) = (1 + ol)n+z(l + da)-I. Applying p we get 
LEMMA 9.6. The Stiefel-Whitney class of a hypersurface of degree d in 
CP,,, is 
W(X) = (1 + p++s, d even, 
= (1 + p++i, d odd. 
In particular it depends only on n and on the parity of d. 
Thus to compute the Wu class v, and the type it suffices to consider the 
intersection matrix of X,(l) = CP, and X,(2). These were computed above. 
This gives a proof of Theorem 8.1 which includes the case n = 2 omitted above. 
An interesting geometric consequence of the computation in Lemma 9.6 is 
COROLLARY 9.7. A hypersuvface X of degree d is the boundary of a manifold 
of dimension 2n + 1 if and only if either n is odd OY d is even. 
Proof. By the theorem of Thorn, a compact manifold bounds iff its Stiefel- 
Whitney numbers are zero. Now CP[X] = d, so by Lemma 9.6 if d is even all 
Stiefel-Whitney numbers vanish. If d is odd, the formula shows the Stiefel- 
Whitney numbers of X are the same as those of CP,, . If n is even, (w,,(CP,,), 
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[CP,]) = 1, while for tl odd CP, is an S1-bundle over quatemionic projective 
space and so bounds a disk bundle. 
10. ORTHOGONAL DECOMPOSITION OF THE INTERSECTION FORM 
Before proving our main results on the connected sum decomposition of X we 
need an orthogonal direct sum decomposition of the bilinear form space E of 
spherical homology cycles. The results of this section were obtained in collabora- 
tion with John Morgan. 
THEOREM 10.1. Let H’be an inner product space over Z with / Sign H 1 3 5 
and let hE H satisfy h ’ h # 0. Then E = hl is isomorphic to an orthogonal direct sum 
ErA@B, 
where A is a de$nite bilinear form space and B ha intersection matrix (: 6) or (t A). 
Remarks. (1) We also have an orthogonal splitting H = A’ @ B, where A’ 
and B are both unimodular. I f  h . h has the same sign as Sign E, then A’ is 
definite. I f  they have opposite sign, then rank A’ - 1 Sign A’ 1 = 2. 
(2) If  h . h and Sign H have different sign we need only 1 Sign H 1 > 3. 
(3) For the spherical cycles, E has even type by Proposition 9.2, so B has 
intersection matrix (f i). 
(4) This result gives an algebraic proof of the existence of the “standard 
basis” for E proposed by Griffiths [5, p. 4851. 
The proof of Theorem 1O.l is by induction on the rank of H. Assuming E is 
indefinite we will find elements x, y  E E with x * x = 0 and x 3 y  = 1. Then 
the subspace spanned by x and y  is unimodular and can be split off orthogonally 
from E and from H [16, p. 51 resulting in a pair of modules of lower rank still 
satisfying the hypotheses. The subspace spanned by x and y  is isomorphic to 
(“, :) if y  . y  is even or to (: 1) if y  . y  is odd, see [ 16, p. 201. Thus a decom- 
position of the form E E A @ B is obtained where A is definite and B is a sum 
of binary forms with matrix (“1 t) or (i 9). The stated result follows, see [16, p. 9 
or 221. 
The assumption 1 Sign H / >, 5 will be needed to find an x E E with x * x = 0 
when E is indefinite. 
Note that if h were a divisible element, say h = cg where g is indivisible and 
c # 0, then E = h L - g I. Thus we may assume h is indivisible and that 
h . h = d # 0. Now recall from (9.5) that 
is exact. 
O-EAE#‘Z/d-0 
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LEMMA 10.2. There is a basis fi ,..., fF for E# such that im q~ = spanjdf , 
f2 ,-t&f-A. 
Proof. Let fi E E# be indivisible with $( fJ = generator of Z/d. If  fi , g, ,. . , g, 
is any basis, set fj = gj - ajfi choosing uj so that yG(f$) = 0. Then dfl , f2 ,..., fr 
all lie in im p. If  f  = C cjfj is any element of E# and $( f  ) = 0, then #(clfi) = 0 
so d divides c, . 
Now let x1 ,... , x, be the basis for E dual to fi ,..., jr . Let D = span{x, ,..., x,). 
For any indivisible x E D there is an f  E span{f, ,..., f7} C im 9 with f(x) = 1. 
Therefore there is a y  E E with x . y  = 1. 
If  rank D 3 5 and D is indefinite then by Meyer’s theorem [16, p. 201 there 
is an indivisible x E D with x . x = 0. Since / Sign H 1 > 5, / Sign E j >, 4. 
Thus if E is indefinite, rank E > 6 and hence rank D > 5. In this case we have 
produced the required elements x and y. 
Finally it may happen that E is indefinite but the subspace D is definite. In 
that case we will alter the choice of basis fi ,..., fr to obtain a new subspace 
D’ C E which is indefinite. 
The basis g, = fi - czfi - ... - c,f,. , gz = fi ,..., g, = fr for E# also 
satisfies the condition im v  = span{dg, , g, ,...,g,}. The dual basis is given by 
y1 = Xl, y2 = 3c2 + c,.lc, ,...,yr = x, + Clxl . 
LEMMA 10.3. Integers c2 ,..., c, can be chosen so that D’ = span{ ys ,..., >rT) 
is indefinite. 
Proof. Consider E = E @R as Euclidean space with orthonormal basis 
xi ,..., x, and identify i? also with the dual space E# @ R. Then @: i?? --, i?, 
which satisfies v(xJ = x (xi xi)xi , has a basis of eigenvectors. Since the 
subspace B is definite, there is a single eigenvalue whose sign differs from the 
rest. Let v  be the corresponding eigenvector and suppose v  . v  > 0. 
The equation x x > 0 is satisfied on a cone about v. I f  we choose integers 
c2 ,..., c, such that the plane D’ meets this cone, then the intersection form on D’ 
will be indefinite. This will be the case if the Euclidean normal n to D’ makes 
nearly a right angle with v, say of cosine <c. 
Letv=a,x,+...+a,x,, a, E R, and z aj2 = I. Choose integers ca ,..., c, 
such that 
(i) I a2c2 + ... + a,c, 1 < 1, 
(ii) 1 + c22 $ ... + cr2 > 4/c2. 
Note that 1 a2c2 + ... + arc, / = (a2” + ... + a,2)lj28 < 6, where 6 is the 
distance from cPv2 + ... + c,x, to the plane through the origin and perpendicular 
to a2x2 + ... + a+xx, . Since there are points with integral coordinates arbitrarily 
far from the origin and within distance 1 of a given plane, the choice of c2 ,..., c, 
is possible. 
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n = (Xl - czxz - ... - cp,)/( 1 + csa + ... + crz)r/s. 
Therefore conditions (i) and (ii) imply that the cosine of the angle between n 
and e, is <e. This completes the proof of the lemma and of (10.1). 
11. CONNECTED SUM DECOMPOSITIONS 
In this section we use the invariants computed above to describe some con- 
nected sum decompositions of hypersurfaces. The differentiable manifold Mm 
is the connected sum of two manifolds Ml and M, , written M = Ml # M, , if 
there is a smooth embedding 9-l 4 M which separates M into two pieces 
diffeomorphic, respectively, to Ml - int D” and n/l, - int D” for some smooth 
embeddings of D* into Ml and M, , cf. [14, p. 131. 
The simplest example is given by the fact that any oriented 2-manifold can 
be written as 9 x 9 # ... # S x B. This description for hypersurfaces in 
CZ’, suggests an optimistic goal for decomposing hypersurfaces of higher 
dimension. 
The intersection form on the middle dimensional homology of a connected 
sum splits as the orthogonal direct sum of the forms on the two summands. 
The geometric problem is to find connected sum decompositions of X corre- 
sponding to orthogonal direct sum decomposition of H,,X. In particular we ask 
for how large an integer K do we have X = M # k(S” x S”), where k(Sn x P) 
denotes the connected sum of k copies of Sn x P. 
SPLITTING THEOREM 11 .l . Let X be Q non.&gular hypersurfuce in CP,,, 
dej&i by a polynomial of degree d. Then there is a differentiable connected suy 
decomposition 
X = M#k(P x Sn), 
where 
(i) H,,M=Oifnisoddandd$ &3mod8wifn=1,3,or7; 
(ii) H,M=Z@Zifnisoddandd= &3mod8; 
(iii) rank H,M = Sign M = Sign X if n = 0 mod 4; 
(iv) rankH,M-2=-SignM=-SignXifn=2mod4andn>4. 
The same result holds for complete intersections of even complex 
dimension [271. 
The proof will be given in the next section in case n is even with a sketch for 
n odd. For further details in that case see Morita [17] or Wood [26]. The case 
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n = 3 follows from Wall’s splitting theorem for simply connected 6-manifolds 
[24, Theorem 11. In case (ii) there is a further splitting in the topological category; 
M is homeomorphic to Ml # M,, , where Ml and M,, are topological manifolds 
and H,(M,) = 0. The manifold M,, can be regarded as a twisted handle. It is 
(n - I)-connected with H,(M,,) = Z @ Z. In fact M,, is the manifold constructed 
by Kervaire [IO, p. 2651 ( see also [2, p. 1241) by plumbing together at one point 
two copies of the tangent disk bundle of S” to obtain a differentiable manifold 
with boundary, W, whose boundary is homeomorphic to S2n-1. Then M,, is the 
union of W with the cone on a W; W is smoothly embedded in M (and in X) 
so that aW is the separating topological sphere. It is a result of Kervaire and 
Browder that if n # 2z - 1, then aW is not diffeomorphic to S2+1 and M,, has 
no differentiable structure, see [I, lo]. Cases (i) and (ii) are distinguished by the 
Kervaire invariant of X (for d odd) so the splitting is as complete as possible. 
The summand M, or Ml , has the homology module of CP, . Also there is a 
mapf: M---f CP, inducing an isomorphism on H2( ; Z). It follows from the 
ring structure that f  induces an isomorphism on rational cohomology and 
homology. Then because M is simply connected, f induces an isomorphism on 
r1 and so rjj( ) @Q. Such a map is a rational homotopy equivalence. 
In the case when n is even, the summand Sn x Sn has signature zero and 
contributes an orthogonal summand with intersection matrix (y 0’) to the sub- 
module E of spherical cycles. Thus in view of Theorem (10.1) the number of 
S” x S” summands in cases (iii) and (iv) is as large as possible. 
12. PROCEDURE FOR REMOVING HANDLES 
The one point union S” v  Sn sits in S” x S” so that both spheres have 
trivial normal bundles and so that the complement of a neighborhood of 
S” v  Sn is a 2n-ball. The neighborhood itself is the space obtained by plumbing 
together at one point two trivial disk bundles over Sn. Conversely if there are 
two embeddings of Sn in M intersecting at a single point p transversely, so that 
a neighborhood of p looks like two n-planes in R2n, and if both normal bundles 
are trivial, then M = Ml # S” x Sn split by the sphere S2+r which is the 
boundary of a neighborhood of S” v  Sn. 
For a hypersurface X of odd complex dimension n we know from Proposition 
6.1 that the Hurewicz map is onto so that we can represent a symplectic basis for 
H,X (cf. Section 8) by maps of spheres Sn -+ X. In case n is even we represent 
by spheres a basis for the submodule B of spherical cycles with intersection 
matrix (y ,$ given in the decomposition (10.1). Note that by (8.4) the hypothesis 
j Sign H 1 3 5 is satisfied. 
In either case, since X is simply connected and we may assume n > 3, by 
results of Whitney and Haefliger [6j these spheres can be embedded in X. 
Further by the Whitney process pairs of points where two of these spheres 
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intersect which cancel algebraically can be removed by an isotopy of the em- 
beddings, cf. [24, p. 3561. Thus we obtain pairs of spheres embedded with a 
single point of trapsverse intersection; that is disjoint embeddings of S” v S” 
in X giving a basis for H,,X when n is odd or for B when n is even. 
To complete the proof of the splitting theorem (11.1) it remains to determine 
that the normal bundles of these spheres are trivial. They are stably trivial by 
Proposition 9.1. For n even, stably trivial n-plane bundles over S” are classified 
by their Euler class, cf. [2, p. 881. For the normal bundle v of S* in X representing 
a homology class x, x(Y)[S~] = x * x, see the proof of Proposition 9.2. Since the 
diagonal entries in the intersection matrix for B are zero with our choice of 
basis, the normal bundles are trivial. This completes the proof of Theorem 11 .l 
for n even. 
When n is odd the normal bundles are determined by aZ/2-invariant, [2, p. 881. 
In case d is even it is possible to change each embedding (within the same 
homology class) so that the normal bundle is made trivial. Finally when d is odd, 
the Z/2-invariant of the normal bundle gives a well-defined quadratic function 
on H,,X, associated to the intersection pairing, whose Arf invariant, the Kervaire 
invariant of X, determines whether a new symplectic basis can be found with 
all normal bundles trivial (Kervaire invariant 0) or whether there will be one 
Sn v Sn C X with twisted normal bundles (Kervaire invariant l), cf. [2, p. 551. 
Then Theorem 11.1 in the case of odd 11 and d follows from 
PROPOSITION 12.1. The Kervaire invariant of a twn&gular hypersurface X 
of degree d is 
0 if drflmod8, 
1 if d E &3 mod 8. 
For details of this argument and a proof of Proposition 12.1 see Wood [26]. 
A different approach is given by Morita [17] and a generalization of Proposition 
12.1 by Browder [3]. 
13. HYPER~URFACES IN CP, 
The technique of Whitney used in Section 12 to represent a spherical class 
by an embedded sphere does not work for 4-dimensional manifolds so we do 
not obtain a geometric splitting for surface in CPs . There is instead: 
THEOREM (Pontryagin, Whitehead, M&or). Let M and M’ be closed, simply 
connected 4-manifolds. There exists an orientation preserving homotopy equivalence 
f : M --t M’ if and only ;f the symmetric inw product space H,(M; 72) is isomorphic 
to H,(M’; Z). 
60713513-5 
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For a proof see [16, p. 1031. 
For surfaces in CP, this gives the following result where N denotes orientation 
preserving homotopy equivalence. 
HOMOTOPY SPLITTING THEOREMS 13.1. Let X be a nonsingular hypersurface 
of degree d in CP, . 
(i) If d is odd, 
X ‘u aCP, # bCP, 
pas2 x Sz#(b-a)m,. 
(ii) If d is men, 
X N aX(2) # bX(4) 
N aS2 x S2 # bX(4). 
(iii) For any d, 
X # CP, N aCP2 # bCP, 
-as2 x Sz#(b-u)CP,. 
- 
Here CP, denotes CP, with the opposite orientation from the one given by 
the complex structure; X(2) and X(4) are the surfaces of degree 2 and 4, 
respectively. 
All of these manifolds are simply connected. The intersection form is of odd 
type in cases (i) and (iii) and of even type in case (ii). The form is indefinite 
(except in a few cases where the two sides actually are the same manifold) and 
so is determined up to isomorphism by its type, rank, and signature [13, p. 1231. 
The rank, cf. Proposition 5.1, is b = d2 - 3d + 2 and the signature is u = 
(l/3) d(4 - d2) by the formula of Hirzebruch. It is easy to check using these 
formulas that nonnegative integers a and b can be chosen so that the right hand 
side has the same rank and signature as the left and that b > a in cases (i) 
and (iii). 
Remarks. (1) The manifolds X(2) and S2 x S2 are diffeomorphic. Using 
the Fermat model for X(2) it is not hard to, see that X(2) is diffeomorphic to 
the Grassmann manifold of oriented 2-planes in R4 which is diffeomorphic to 
S2 x S2, see [4, p. 2071. 
(2) The process of “blowing up a point” of a complex manifold M, , or 
a-process, in algebraic geometry corresponds from the differentiable viewpoint 
to forming the connected sum &I,, # m, [9, p. 781. This algebrogeometric 
method can be used to show that S2, x Sa #ma is diffeomorphic to CP, # 
CP, # CP, . 
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(3) Case (iii) was brought to our attention by recent work of Mandelbaum 
and Moishezon [ll]. They show that X # ms is’ actually diffeomorphic to 
;CP, # bCP, . Th ere are a.s’)et no counterexamples to the conjecture that two 
simply connected 4-manifolds which are homotopy equivalent are diffeomorphic. 
Although this general conjecture includes the Poincare conjecture in dimension 4, 
it may be possible to show diKeomorphism in particular cases, such as (i) or (ii) 
where both sides are given explicitly. /., /! 
(4) The manifold aCP, # bCP, has a handle decomposition with no 
i-handles or 3-handles or equivalently a Morse function with no critical points 
of index 1 or 3. Recently Rudolf [20] has constructed a Morse function on the 
hypersurface X with no critical points of index 1 (but some of index 3). (The 
h-cobord+m theorem does not appjy because dim X = 4.) This result also 
suggests there may be diffeomorphism in cases (i) and (ii). 
(5) Wail ‘has shown that two homotopy equivalent, simply connected 4- 
manifolds become difieomorphic after the addition (connected 
ciently many cop&of Si x S2 tp both of’them [23]. 
sum) of suffi- 
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Notes added in p*oof. Several: recent, advances have been made on questions studied 
in this paper: 
(3 bis) Mandelbaum and Moishezon have extended their work on complex surfaces 
considerably [35, 361. 
(4 bis) Mandelbaum has shown [34] that a surface which is a nonsingular complete 
intersection has a handie:decomposition without l- and 3-handles. 
(6) Facts about signatures in Section 8 have been given better proofs by a number of 
people; see e.g., [30]. The behavior of these signatures modulo powers of 2 is considered 
in [33]. 
(7) The decomposition. of Theorem (1 .l) or (11 .l) has been extended to complete 
intersections of hypersurfaces. In the even dimensional case a further decomposition of M 
using plumbing has been given [28, 29, 311. For odd complex dimensions results (11.1)(i) 
and (ii) hold when d is odd [38]. For d even the computation of the Kervaire invariant 
is more complicated; see [3,, ,373. Finally in [32] it is shown that in any odd dimension 
there are diffeomorphic complete intersections with distinct multidegrees. 
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